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RECIPROCAL TRANSFORMATIONS FOR A SPECTRAL PROBLEM
IN 241 DIMENSIONS

P. G. Estévez*

We present two reciprocal transformations for a spectral problem in 2+1 dimensions. Reductions of the
transformed equations to 1+1 dimensions include the Degasperis—Procesi and Vakhnenko—Parkes equa-

tions.
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1. Introduction

In [1]-[3], we considered the application of the singular manifold method to equations in 241 dimensions

of the form )

lewg
H11119€2 + 3Hr2Hz1 + nOH— = Hrgrg- (11)
z2 / xy

We studied the cases ng = 0 and ng = —3/4 of (1.1) in [1] and [2] and derived their Lax pair using the
singular manifold method [4]. Based on the results in those papers, we propose a spectral problem of the
form

¢111111 - ¢w3 + 3Hw1¢w1 + blelwlwl(b = 07

H17112

¢11z2 +Hr2¢+b2 ¢I2 - O

z2

It is easy to verify that the compatibility condition for this spectral problem implies the conditions on the
coefficients
b1 + 3by = 0, (bQ + 1)(2b2 + 1) =0.

These conditions can be rewritten as
by = ——, by = ——, (1.2)

where
k+1)(k-2)=0=k*=k+2. (1.3)

We note that these values of k correspond precisely to the cases analyzed in [1], [2]. Therefore, the spectral
problem is

k-5
(bzlzlzl - ¢r3 + 3Hz1¢r1 - THrlrl(b = Oa
P (1.4)
¢w112 + H$2¢ + T gjer ¢CE2 = 07
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and the (241)-dimensional equation arising from this spectral problem can be written as

E%:Q

lemlwg + 3Hm2H11 -
4 Ho, (1.5)

Qpy, = Hypas-

As proved in [1], [2], the singular manifold method, which is based on the Painlevé property [4], is an
excellent instrument for deriving the Lax pair of many equations. Unfortunately, the Painlevé property
depends strongly on the variables in which the equation is written. Nevertheless, we can sometimes identify
nontrivial transformations that transform an equation into a form in which the Painlevé methods work.
For instance, in [5], we applied a reciprocal transformation [6]-[9] to a (2+41)-dimensional Camassa—Holm
hierarchy that allowed transforming it into a system of equations with which the singular manifold method
can be successfully used [10].

Our main aim here is to identify some reciprocal transformations for (1.5). We prove that the reciprocal
transformations that we construct transform (1.5) to a system that generalizes the Vakhnenko [11] and/or
Degasperis—Procesi [7] equations to 241 dimensions. The spectral problem for these equations can be easily
derived from the reduction of the transformed (1.4) to 141 dimensions.

A connection between the Degasperis—Procesi and Vakhnenko—Parkes equations was shown in [12], [13].
We prove that both equations arise as 141 reductions of reciprocal transformations of (1.5).

2. First reciprocal transformation
We construct a reciprocal transformation of the form

dzxy = a(x,t,T)[dx — B(x,t,T) dt — e(x,t,T) dT],

(2.1)
T2 = ta €r3 = T7
which means that i_li i_ﬁ+63 i_i+€£ 0
dr1  adzr’ dxs Ot oz’ drs 0T ox’ '
and the cross derivatives of (2.1) obviously imply that
ar + (af) =0, ar + (ae), =0, Br — € + €8, — Pex = 0. (2.3)
If we select the transformation in the form
HI2($15$27x3) = [Oé($,t,T)]k, (24)
where k satisfies (1.3), then we easily obtain
1[Q O Oy 2
Hzl(l‘l,ﬂiz,ﬂig): § J—k?+(2k—1) ? (25)
from (1.5) and
Q, = —kaF Ve, (2.6)

from (1.5), (2.3), and (2.4). Furthermore, the compatibility condition Hy,,, = Hy, 1, between (2.4) and (2.5)
yields

Q= =B — kQB, + o2 [—kﬂm + (k- 2)%% + 3kakam] : (2.7)
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Equations (2.3), (2.6), and (2.7) in fact constitute the transformation of system (1.5). Nevertheless, a more
convenient form arises if we set

k+1 2—-k
Al = —— Ap = —— 2.
1 3 ) 2 3 ) (8)
1

Integrability condition (1.3) can be written as
A1As =0, A+ Ay =1. (210)

Using these definitions, we write (2.3), (2.6), and (2.7) as the system

M,

+ A2(Qt + 5Qw - Qﬁw - Mﬂwww - Mwﬁww - Mw) = 07
(2.11)

A]_ <Qw + 2%) + A2(Qw - ew) = 07

My = 3M (B, — BM,, Mr = 3Me, — eM,, Br — € + €6z — Pex = 0.

The reciprocal transformation can be also applied to spectral problem (1.4), and after some direct
calculations, we obtain

where we set
B (21, 9, 23) = PPz, ¢, T) (2.14)

for convenience.

2.1. Reduction independent of T. We reduce (2.11) by setting all the fields independent of T'.
This obviously means that
e=0, Q = ay, (2.15)

and the system reduces to

2M A, (5ww + aoﬁ - %) - A2[Mﬁww + aoﬁ‘F M]w =0,
x (2.16)
M, = 3M B, — BM,.
The reduction of the Lax pair can be obtained by setting
Yr = M.
In this case, (2.13) reduces to the third-order spectral problem

M, 1
and its compatibility with (2.12) yields
Al[)\wt + ¢zz + )\6¢z + (aO - )\61)1” +
+ Ao [ My + Mpyy + (A8 + M), + (a0 + \3,)¢] = 0. (2.18)
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2.1.1. Degasperis—Procesi equation. For the case 41 =1 and A = 0, we can integrate (2.16) as

1
ﬁzz + aOﬁ = M + qo,
(2.19)

(ﬁzz + aOﬁ)t + ﬁﬁzzz + 3ﬁzﬁrm + 4a0ﬁﬁz - 3L]051 =0.

For go = 0 and ap = —1, (2.19) is the well-known Degasperis—Procesi equation [7], whose Lax pair in
accordance with (2.17) and (2.18) is

wwwx - djw - )\(ﬁww - 5)¢ = 07
)\wt + ¢zz + >\6¢z - (1 + /\ﬂr)w = 0,

(2.20)

which is equivalent to the Lax pair in [7].

2.1.2. Vakhnenko equation. For the case A; =0, A2 =1, and a¢ = 0, we can integrate (2.16) as

qo0
X 1= FvE
Prz + M

(2.21)

which is the derivative of the Vakhnenko equation [11], whose Lax pair in accordance with (2.17) and (2.18)
" M, M, A
M M M (2.22)

Mt + Mty + (A8 + M)t + A3y = 0.

So far as we know, this is the first time a Lax pair for the Vakhnenko equation has been obtained
in its original variables z and ¢. The previously known Lax pair [14], [12] was written after a reciprocal
transformation that is a particular case of the one in the next section.

3. Second reciprocal transformation

A different reciprocal transformation can be constructed using the changes

dx? = n(ya 2 T)(dz - u(ya 2 T) dy - w(yv ZvT) dT)v

(3.1)
1 =Y, x3 = T.
The partial derivatives then transform as
0 _ 0 0 0 10 9 _0 0 52)
dr1 Oy 0z’ Ory 10z dxs  OT 0z’ '
and the compatibility conditions
77y + (un)z = Oa
nr + (nw). = 0, (3.3)

UT — Wy — UW, + wu, =0
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trivially arise. We select the transformation by setting the field H as the new independent variable z:
z=H(z1,22,23) = dz= Hy dz1+ H,,dzs + H,, dxs. (3.4)

Comparing (3.2) and (3.4), we obtain

1
nly=xz1,2=H,T=x3)’

Hg,(x1,22,23) =

H, (v1,29,23) =uly =x1,2 = H,T = x3), (3:5)
Hyy(z1,22,23) =w(y = 21,2 = H,T = x3).
With this transformation, system (1.5) becomes
1
Ay (uzy 4+ Uy, + Zuz + 3u — G) + Ao (Uzy + uts, + u?43u—G), =0,
z (3.6)

Gy = (w —uG);,

where G(z,y,T) is defined as G = nQ) and we use (3.3) and (2.8). Lax pair (1.4) can also be transformed
accordingly with the result

1
A1 |:(I)zy + u@zz + P + §UZ(I)Z:| + AQ[(I)Zy + U‘bzz + (I)] =0

for the spatial part and

1 3
A {@T — Pyyy — W, +3u <uy — §uu2> D, + §uy¢>] +

Uyly — uzuz; —uG — 3u? ugz)q)z n

+A1<w—uyy+ -

+ Ao (P — Pyyy — 3P, + Buuy®.. + @) +

+ As(w — 2uG — uyy + wluy, — Uyl + uu? + 3u?)®, =0 (3.7)

for the temporal part.

3.1. Reduction independent of T'. As in Sec. 2, the reduction independent of T' can be obtained
by setting
w =0, Op = A\D. (3.8)

System (3.6) reduces to
Gy =+ (UG)Z = Oa

1
Ay uzy+uuzz+1u§+3u—G +A2[uzy+uuzz+uz+3u—G]z=O.

z
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It is very interesting that (3.9) for G = 0 reduces to the Vakhnenko equation up to a constant if 41 =0
and to a modified Vakhnenko equation if Ay = 0.

The Lax pair can be reduced by directly applying (3.8) to (3.7), but it requires voluminous computa-
tions, which we have done with MAPLE. The result of these computations is

i (032 o (B0 g)e] 4

2 N
N? N, )
+ AQ [A(I)zzz + G(I)zz + qu)zz + (uzz + 1)(1)] = 07 (310)
2\ 2G Uz Gz
A | D, — —D,, —— P, - | =4+ = |
[ () (55 )
+ A[®, — AP, + (u— G)D, — u,P] =0,
where we set N = u,, + 2 for simplicity.
We note that for G = 0 and A; = 0, we obtain the 141 Lax pair
A(I)zzz + (uzz + 1)(I> = Oa
(3.11)
S, — AP, +ud, —u. P =0,
whose compatibility condition is
[Uzy + Ut + u? + 3u], =0, (3.12)

which is the derivative of Vakhnenko equation. Therefore, (3.11) is an alternative form of writing a Lax
pair for the Vakhnenko equation.

4. Conclusions

We have presented a spectral problem in 2+1 dimensions and investigated different reciprocal trans-
formations for it. We gave reductions to 141 dimensions of the transformed spectral problems. The
Vakhnenko-Parkes and Degasperis—Procesi equations appear in this context as particular cases of (1.5).
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